We consider mappings between edge sets of graphs that lift tensions to tensions. Such mappings are called tension-continuous mappings (shortly
Introduction
In this paper we study mappings between edge sets of graphs that lift a tension to a tension. To motivate this we consider an important special case first. Let that is not induced by a mapping of vertices.
Several other examples demonstrate that the existence of cut-continuous mapping is not a very restrictive relation. For example the well-known graphs depicted in Figure 2 (on page 11) are all equivalent with respect to cut-continuous mapping (see Theorem 6) . Another set of examples of cut-continuous mappings we get by considering a pair of trees and any mapping between their edge sets.
This may indicate that the cut-continuous mappings are abundant and induce a very weak graph comparison. Indeed, we give some further examples of pairs of graphs that cannot be distinguished by cut-continuous mappings (although they are not equivalent with respect to homomorphisms). However, despite of all this evidence we prove that such examples are rare, in the sense of random graphs.
Let a graph be called homotens if for every graph B every cut-continuous mapping from to This result suggests to follow the now-standard approach to homomorphisms (see e.g. [10] ) to investigate cut-continuous mappings in the context of corresponding quasiorder 1 Kelmans ([13] ) generalized Whitney's theorem by introduction of cocircuit semi-isomorphisms of graphs. This is equivalent to our definition, although the notion is only defined when the mapping is a bijection.
1
Linial, Meshulam, and Tarsi ( [16] ) define cyclic (and orientable cyclic) mappings. These are closely related to our definition of cut-continuous (and -tension-continuous) mappings.
Our context is closest to that of [4] . In [16] , only bijective mappings are considered, they serve as a mean to define a variant of chromatic number (¡ £ ¢ ¤ ¢ of Section 7.2). We study non-bijective mappings too. This (perhaps more natural) approach enables us to pursue the connections between cut-continuous mappings and homomorphisms and to study the properties of cut-continuous mappings in a broader view. Other papers ( [6] , [17] ) will be mentioned at the relevant place. For further research on this topic see [22] and [24] .
The paper is organized as follows: In Section 2 we define group-valued tensioncontinuous mappings and prove their basic properties and relevance to graph homomorphisms. We also briefly mention other types of XY-continuous mappings. In Section 3 we prove Density Theorem. This (perhaps surprisingly) relies on a new structural Ramsey-type theorem (Theorem 10), which in turn leads to a solution of a problem of [4] . In Section 5 we deal with random graphs and as a consequence we are able to prove results analogous to the homomorphism case (compare Theorem 14 and Corollary 6). The properties of random graphs motivate Section 4 where we prove the existence (by an explicit construction) of rigid graphs (with respect to cut-continuous mappings) and prove Theorem 3.
Section 6 is algebraic, we study the influence of a group In Section 7 we add several remarks and open problems. Particulary, we characterize (as a consequence of our approach) the complexity (and its dichotomy) of decision on the existence of a cut-continuous mapping. Also, one has perhaps a surprising result that cut-continuous mappings have no finite dualities (in the sense of [21] ).
Definition & Basic Properties

Basic notions
We refer to [5] , [10] for basic notions on graphs and their homomorphisms.
By a graph we mean a finite 3 
Basic properties
We start with an obvious yet key property of Another partial answer to Problem 1 is to put some restriction on . This seems more fruitful as the necessary restriction is rather weak. We will say that is [16] . As we shall make use of it we prove it here for the sake of completeness.
we construct is a cut in . This is straightforward to verify, the corresponding bipartition of vertices is depicted in Figure 2 . . This reproves part of Theorem 6 but, more importantly, this observation implicitly appeared in [17] , where a theorem of [7] was used to prove the following result. . Observe that if we take a path in ¡ and leave every second vertex out, we obtain a path in
Density
A Ramsey-type theorem for locally balanced graphs
In this subsection we deal with undirected graphs only. We prove a Ramsey-type theorem that will be used in Section 3.2 as a tool to study ¤ § (on directed graphs). An ordered graph is an undirected graph with a fixed linear ordering of its vertices. The ordering will be denoted by , an ordered graph by , if is a subgraph of B , and the two orderings coincide on
This can be reformulated using the notion preceding Lemma 3. Let Proof. The proof of Theorem 10 uses a variant of the amalgamation method (partite construction) due to the first author and Rödl (see e.g. [19] , [18] ), which has many applications in structural Ramsey theory. For the purpose of this proof we slightly generalize the notion of ordered graph. We work with graphs with a quasiordering of its vertices; such graphs are called quasigraphs, , we have
, that is the whole We turn to the proof of statement (ii). We use a standard argument that is the core of the amalgamation method. Let 
Density
In this section we prove the density of
order (for every abelian group ¥ ). For this we first prove the "Sparse Incomparability Lemma", Lemma 9 (analogous statement for homomorphisms appears in [20] ). Although the proof follows similar path as in the homomorphism case, some steps are considerably harder; the main reason for this is the nonexistence of products in the category of tensioncontinuous mappings. To overcome this obstacle, we use the Ramsey-type theorem from the previous subsection. , and this will be our desired contradiction.
We will use Lemma 7, hence for any flow 
(we stress that we consider loopless graphs only) holds
The only difficult part is to show, that for every is induced by a homomorphism. The main result of this section is that most graphs are homotens.
We consider the random graph model ¡ , that is every graph with vertices
has the same probability (although some of the results can be modified for other models too). As it is usual in the random graph setting, we study whether some graph property ¢ holds almost surely (a.s.), that is whether
We start with a useful notion that will help us to handle . Consider three cuts of size 4 in 6 3 7
; they cover every edge exactly twice. Hence, their preimages are three cuts in (as otherwise, we can split one color-class to several pieces and join these to the other classes; again, the graph would be four-colorable). Consequently, is isomorphic to 6 . We call star a set of edges sharing a vertex. We know that preimage of every star is a star, hence as is a bijection, also image of every star is a star. Stars sharing an edge map to stars sharing an edge, hence is induced by a homomorphism. is a copy of 6 7 in , by the third condition from the definition of nice it is contained in some ; clearly such ¤ is unique (it does not depend on the choice of 6 ). As every edge is contained in some copy of 6 8 7 , it is enough to prove that there is a common extension of all homomorphisms be copies of 6 7 that intersect in a triangle. Then (in any order). If we find a triangle that is connected to every vertex in 6 6 , we may denote its vertices by groups, recall we consider only abelian groups (as is usual in the study of group-valued flows). As we are interested mainly in finite graphs, we can restrict our attention to finitely generated groups-clearly is ¥ -tensioncontinuous iff it is -tension-continuous for every finitely generated subgroup of ¥ . Hence, we can use the classical characterization of finitely generated Abelian groups (see e.g. [15] ). By a theorem of Tutte (see [5] ), the number of nowhere-zero flows on a given graph does depend only on the size of the group (that is, surprisingly, it does not depend on the structure of the group). Before proceeding in the main direction of this section, let us note a consequence of Lemma 16, which is an analogy of the Tutte's theorem. note that every element of is larger than 9 7 . As in Lemma 19 we define 
For
. There is a chapter on the topic in [12] ("chromatic number of cube-like graphs").
If we see the vertices of¨¢ £ then an independent set forms a "code" -a set where no two elements have Hamming distance 2. With some more work we can use results from theory of error-correcting codes. This approach was taken in [16] and [8] . After using [1] they obtained what seems to be the strongest result so far: In the proof we will use Sparse incomparability lemma for homomorphisms in the following form. . These graphs are (vertex) 2-connected, while they may have arbitrary edge-connectivity. Presently, we do not know whether there are (vertex) 3-connected graphs, where and differ; in fact we are not aware of (vertex) 3-connected graph that is not -homotens.
